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/9/+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>@ &XEH6DW $PELSRODU 7KUXVWHU >@ DQG 0LFUR&DWKRGH $UF 7KUXVWHU >@ 7DEOH  VXPPDUL]HV VRPH RI WKH
PDLQIHDWXUHVIRUHDFKSDUWLFXODUW\SHRIHOHFWULFHQJLQHZLWKWKHDLPWRSURYLGHDQLQVLJKWRIWKHSRWHQWLDOWKDWWKLV
WHFKQRORJ\KDVIRUDSSOLFDWLRQVLQWKHILHOGRI&XEH6DWV
7DEOH(OHFWULF3URSXOVLRQ(QJLQHV

(QJLQH 7KUXVWP1 3RZHU: )XHO 0DVVJ 6SHFLILF,PSXOVHV
(OHFWURVSUD\   ,RQLF6DOW  
0LFUR3XOVHG3ODVPD7KUXVWHU   7HIORQ  
+DOO(IIHFW7KUXVWHU   ;HQRQ  
&XEH6DW$PELSRODU7KUXVWHU>@   ;HQRQ  
0LFUR&DWKRGH$UF7KUXVWHU>@   6ROLGIXHO  

1RWH WKDW WKH PDVV RI WKHVH HQJLQHV LV VWLOO VRPHZKDW SURKLELWLYH IRU WKHLU XVH LQ 8 &XEH6DWV H[FHSW VRPH
XQXVXDO PLVVLRQV DV OLWWOH RU QR URRP ZRXOG EH OHIW IRU WKH UHVW RI WKH V\VWHPV DQG SD\ORDG +RZHYHU WKHLU
LQWHJUDWLRQLQWKHSRSXODU8RUODUJHUFRQILJXUDWLRQVHHPVIHDVLEOH
7KHVHHOHFWULFSURSXOVLRQWHFKQRORJLHVRSHQWKHSRVVLELOLW\IRUQDQRVDWHOOLWHRUELWDOFRQWUROLQFOXGLQJWKHFUXFLDO
SKDVHRIGHRUELWLQJ,QWKHIROORZLQJVHFWLRQDQDOJRULWKPWKDWHQDEOHVWKHXVHRIHOHFWULFDOHQJLQHVIRU&XEH6DWZLWK
WKLVREMHFWLYHLVSUHVHQWHG
' $WWLWXGH.LQHPDWLFV	$WWLWXGH'\QDPLFV
6DWHOOLWHDWWLWXGHNLQHPDWLFVDUHJLYHQDV
 > @7 
 » u
ª º «¬ ¼
Ȧ ȦT TȦ  
ZKHUHT LVWKH[TXDWHUQLRQUHSUHVHQWLQJWKHUHODWLYHDWWLWXGHRIWKH%IUDPHZLWKUHVSHFWWRWKH(&,IUDPH T LV
WKH WLPH GHULYDWLYHRI WKHTXDWHUQLRQ Ȧ LV WKH[ DQJXODUYHORFLW\YHFWRU RI WKHERG\ IUDPH ZLWK UHVSHFW WR WKH

'DWDDYDLODEOHRQOLQHDWKWWSVVWDWLFVTXDUHVSDFHFRPVWDWLFIDDHEFIFWEHIFDF
>UHWULHYHG$SULO@
'DWDDYDLODEOHRQOLQHDWKWWSVPDUVVSDFHFRXNSSW>UHWULHYHG$SULO@
'DWDDYDLODEOHRQOLQHDWKWWSZZZXQLVHFJOREDORUJGGFSGIVWB3DXO/DVFRPEHVBDEVWSGI>UHWULHYHG$SULO@
LQHUWLDOIUDPHH[SUHVVHGLQWKHERG\IUDPHDQG > @uȦ LVWKH[PDWUL[GHILQHGVXFKWKDW> @u  uD E D E ܉DQG܊
DUH[YHFWRUV$WWLWXGHG\QDPLFVRIWKHVDWHOOLWHDUHH[SUHVVHGWKURXJKWKH(XOHU¶VURWDWLRQHTXDWLRQDVIROORZV
     WRW WRW  u   Ȧ - Ȧ -Ȧ Ĳ J Ȧ Ĳ  
ZKHUH - LV WKH [ LQHUWLD WHQVRU RI WKH VDWHOOLWH DQG WRWĲ LV WKH [ YHFWRU UHSUHVHQWLQJ WKH VXP RI DOO H[WHUQDO
WRUTXHV ZKLFK LQFOXGH FRQWURO WRUTXHV DV ZHOO DV SHUWXUEDWLRQ WRUTXHV FDXVHG E\ WKH HQYLURQPHQW VXFK DV VRODU
UDGLDWLRQSUHVVXUHJUDYLW\JUDGLHQWDQGDWPRVSKHULFGUDJ
,,,*HRPDJQHWLF)LHOG7UDFNHU	6WDELOLW\$QDO\VLV
,QWKLVVHFWLRQWKHJHRPDJQHWLFILHOGWUDFNHULVSUHVHQWHGIRUGHRUELWLQJD&XEH6DW7KHFORVHGORRSV\VWHPZLWK
WKHJHRPDJQHWLFILHOGWUDFNHULVGHULYHGZKLFKLVJLYHQE\DOLQHDUSHULRGLFDOO\WLPHYDU\LQJV\VWHP7KHVWDELOLW\
DQDO\VLVLVSHUIRUPHGIRUWKHWLPHYDU\LQJV\VWHPXVLQJWKH)ORTXHWWKHRUHP
$ &RQWURO/DZ
7RGHRUELW VDWHOOLWHVXVLQJD WKUXVWHU LW ILUVWQHHGV WREHRULHQWHG LQ DGHVLUHGGLUHFWLRQZKLFKHQVXUHV WKDW WKH
WKUXVWYHFWRURSSRVHV WKHGLUHFWLRQRI WKHRUELWDOYHORFLW\7KHFRQWURODOJRULWKPDOLJQV WKHVDWHOOLWHDWWLWXGH WR WKH
JHRPDJQHWLF ILHOG YHFWRU XVLQJ PDJQHWRUTXHUV VR WKDW WKH WKUXVWHU FDQ GLVVLSDWH WKH NLQHWLF HQHUJ\ RI WKH
QDQRVDWHOOLWHGXULQJKDOIRIWKHRUELW2QO\RQHDWWLWXGHVHQVRUPDJQHWRPHWHULVUHTXLUHGZKLFKLVUHODWLYHO\VPDOO
FRPSDFWDQGFKHDSDQGLQWHJUDWHGLQPDQ\&XEH6DWVPLVVLRQV7KLVZLOOSURYLGHWKHPDJQHWLFILHOGYHFWRUUHDGLQJ
LQWKH%IUDPH$*36UHFHLYHULVQHHGHGWRGHWHUPLQHZKHQWKHWKUXVWHUPXVWEHILUHGWRGHRUELWWKHVDWHOOLWH7KH
RUELWDOSRVLWLRQDQGYHORFLW\LQWKH(&,IUDPHDUHSURYLGHGE\WKH*36UHFHLYHU
7KHREMHFWLYHRI WKHDWWLWXGH FRQWURO DOJRULWKP LV WRDOLJQ WKH[ERG\D[LV ZLWK WKH ORFDOPDJQHWLFYHFWRU ,Q
RUGHUWRDFFRPSOLVKWKLVWKHGHVLUHGWRUTXHLVJLYHQE\
 GHV N Ĳ H  
ZKHUHNLVDFRQWUROJDLQWREHGHVLJQHG
 Ö uH L E  
LLVWKHXQLWYHFWRUWRZDUGVWKH[GLUHFWLRQRIWKH%IUDPHDQG ÖE LVWKHQRUPDOL]HGPDJQHWLFILHOGLQWKH%IUDPH
ZKLFKLVHTXDOWR܊Ȁԡ܊ԡZKHUHԡ܊ԡLVWKHPDJQLWXGHRI܊7KHFRPPDQGHGPDJQHWLFGLSROHIRUWKHPDJQHWRUTXHUV
WRJHQHUDWHWKHGHVLUHGWRUTXHFDQEHREWDLQHGXVLQJ(T,QFOXGLQJDGGLWLRQDOGDPSLQJHIIHFWWKHJHRPDJQHWLF
ILHOGWUDFNHUGLSROHEHFRPHV

%
FWUO  Ö ÖN GN GWª º u ¬ ¼P E H E  
ZKHUHN LVDQRWKHUFRQWUROJDLQWREHGHVLJQHGDQG % G GW LVWKHWLPHGHULYDWLYHLQWKH%IUDPHZKLFKFRXOGEH
LPSOHPHQWHGXVLQJWKHILQLWHGLIIHUHQFHDSSUR[LPDWLRQWKHVDPHZD\WKDWWKH%GRWFRQWUROOHULVLPSOHPHQWHG>@
1RWHWKDWDVLPLODUFRQWURODOJRULWKPZDVSURSRVHGE\-DQDQG7VDLIRULQLWLDODWWLWXGHDFTXLVLWLRQ>@(TFDQEH
GLUHFWO\LPSOHPHQWHGZLWKDQXPHULFDOGLIIHUHQWLDWRUWRDSSUR[LPDWHWKHWLPHGHULYDWLYHRIJHRPDJQHWLFILHOGYHFWRU
PHDVXUHPHQW,IDUDWHJ\URVHQVRULVDYDLODEOHWKHQ  % Ö G GWE FDQEHUHSODFHGE\ Öª ºu¬ ¼E Ȧ +HQFH
 FWUO  Ö ÖN Nª º ª º u  u¬ ¼ ¬ ¼P E H E Ȧ  
)LJXUHVKRZVWKH&XEH6DWDOLJQPHQWZLWKWKHJHRPDJQHWLFILHOGYHFWRUDVZHOODVWKHUHODWLYHDWWLWXGHWRWKH
VSDFHFUDIWYHORFLW\YHFWRUZKLFKGHWHUPLQHVZKHQWKHWKUXVWHUVPRXQWHGLQWKH[IDFHRIWKHVDWHOOLWHFDQEHILUHG
DQGZKHQ WKH\VKRXOGEH WXUQHGRII$Q LQWHUHVWLQJ LQVWDQFH LVREVHUYHG LQ)LJZKHQ WKH VDWHOOLWH LVDERYH WKH
QRUWKSROH,QWXLWLYHO\LWPLJKWVHHPWKDWKDYLQJWKHWKUXVWHUDFWLYDWHGRYHUWKHQRUWKSROHZRXOGSXVKWKHVDWHOOLWH
XSZDUGV LH JDLQLQJ WKH DOWLWXGH +RZHYHU WKH REMHFWLYH RI WKH GHRUELWLQJ DOJRULWKP LV WR GLVVLSDWH WKH NLQHWLF
HQHUJ\RIWKHVDWHOOLWHDQGLWOHDGVWRORZHUWKHDOWLWXGH7KLVLVDFKLHYHGZKHQHYHUWKHWKUXVWYHFWRUKDVDFRPSRQHQW
WKDWRSSRVHVWKHYHORFLW\YHFWRU

)LJ &XEH6DW[D[LVDOLJQHGZLWKPDJQHWLFILHOGDQGUHODWLYHDWWLWXGHUHVSHFWWRYHORFLW\YHFWRU

2QFHWKH&XEH6DW¶V[IDFHLVWUDFNLQJWKHPDJQHWLFILHOGYHFWRULWFDQEHGHWHUPLQHGZKHQWRDFWLYDWHWKHWKUXVWHUV
LQRUGHU WRFDXVH WKH ORVVRIRUELWDOHQHUJ\7KLVNQRZOHGJHFRPHVIURP WKH IDFW WKDW WKHPDJQHWLF ILHOGYHFWRU LV
DYDLODEOHLQ/9/+IUDPH 7OYOK OYOK OYOK OYOK[ \ ]E E Eª º ¬ ¼E ZKHUH  7< LVWKHWUDQVSRVH%HFDXVHRIWKHUHODWLRQVKLS
EHWZHHQWKHRUELWDOYHORFLW\YHFWRUYDQGWKH[D[LVLQWKH/9/+IUDPHWKHWKUXVWYHFWRURSSRVHVWKHGLUHFWLRQRI
WUDYHO DW VRPHGHJUHH ZKHQ WKH FRPSRQHQW OYOK[E LV SRVLWLYH ZKLFK LPSOLHV WKH WKUXVWHU SRLQWV LQ WKH GLUHFWLRQ RI
WUDYHODVVKRZQLQ)LJ,Q)LJLWLVLPSRUWDQWWRFODULI\WKDWWKH[D[LVRIWKH/9/+IUDPHGRHVQRWQHFHVVDULO\
FRLQFLGHZLWKWKHYHORFLW\YHFWRUKRZHYHULQDTXDVLFLUFXODURUELWWKLVLVDUHDVRQDEOHVLPSOLILFDWLRQ
)LJ &XEH6DWDWWLWXGHFDVHVWRGHRUELWDDWWLWXGHZKHUHWKHWKUXVWHULVRQRUERII

1RQOLQHDU VLPXODWLRQV ZHUH SHUIRUPHG WR HYDOXDWH WKH WUDFNLQJ HUURU RI WKH DOJRULWKP ZKLFK LV WKH DQJOH
GLIIHUHQFHEHWZHHQWKHPDJQHWLFILHOGYHFWRUDQGWKH[ERG\D[LVRI WKHVDWHOOLWH,QDOO WKHIROORZLQJVLPXODWLRQV
ZLWKLQ WKLV SDSHU ZH FRQVLGHU D 8 &XEH6DW HTXLSSHG ZLWK WKUHH RUWKRJRQDO PDJQHWRUTXHUV D WKUHH D[HV
PDJQHWRPHWHUDWKUHHD[HVUDWHJ\URD*36UHFHLYHUZKLFKLVRQHRIWKHVWDQGDUG&XEH6DWFRQILJXUDWLRQVDQGDQ
HOHFWULF HQJLQH IRU SURSXOVLRQ ZKRVH WKUXVWHU YHFWRU GLUHFWLRQ LV DVVXPHG WR EH DOLJQHG ZLWK WKH [ IDFH RI WKH
VDWHOOLWH7KH&XEH6DWKDVDPDVVRINJDQGWKHGLDJRQDO WHUPVRIWKHLQHUWLD WHQVRUDUH>@
NJ.TP,WKDVDQLQLWLDORUELWDODOWLWXGHRINPLQDQHDUFLUFXODURUELW7KHLQFOLQDWLRQLVVHWWRGHJUHHV7KH
FRQWUROJDLQVDUHWXQHGVXFKWKDWN DQGN WKURXJKPXOWLSOHWULDODQGHUURUSURFHGXUHV,QLWLDOO\WKHJDLQV
DUHYDULHGWRLGHQWLI\DFRDUVHUDQJHRIWKHIHDVLEOHJDLQVDQGDILQHWXQLQJLVSHUIRUPHGWRGHWHUPLQHWKHILQDOJDLQV
LQDOLJQLQJWKHERG\D[LVWRWKHPDJQHWLFILHOGYHFWRU,WLVDOVRLPSRUWDQWWRPHQWLRQWKDWLQSUDFWLFHPDJQHWRPHWHUV
DQGPDJQHWRUTXHUVFDQQRWEHDFWLYDWHGDWWKHVDPHWLPHDVWKHPDJQHWRPHWHUVPHDVXUHPHQWVZRXOGEHDIIHFWHGE\
WKHPDJQHWRUTXHUV7KHUHIRUHDGXW\F\FOHLVLPSOHPHQWHGZKHUHGXULQJDSHULRGRIVHFRQGVPDJQHWRUTXHUVDUH
DFWLYH IRU WKH ILUVW V DQG PDJQHWRPHWHUV DUH DFWLYH IRU WKH UHPDLQLQJ V $OO VLPXODWLRQV ZHUH SHUIRUPHG XVLQJ
0DWODE6LPXOLQNZLWKWKHGHIDXOWQXPHULFDOLQWHJUDWLRQDOJRULWKPDQGWKHUHODWLYHWROHUDQFHRI
)LJXUH  VKRZV WKH HYROXWLRQ RI WUDFNLQJ DQJOH HUURU WKURXJK WKH ZKROH GHRUELWLQJ SURFHVV ZLWK HOHFWURVSUD\
WKUXVWHU ,W FDQ EH VHHQ WKDW DIWHU DQ LQLWLDO HUURURI DERXW GHJUHHV WKH&XEH6DW LV DEOH WR WUDFN WKH PDJQHWLF
YHFWRUZLWKLQDQDFFXUDF\RIURXJKO\GHJUHHV+LJKSRLQWLQJDFFXUDF\LVQRWUHTXLUHGIRUWKHGHRUELWSKDVHRIWKH
PLVVLRQWKHUHIRUHWKLVSHUIRUPDQFHLVDFFHSWDEOH


)LJ 0DJQHWLFYHFWRUWUDFNLQJHUURU
% 6WDELOLW\$QDO\VLV
7RSURYLGHDVWDELOLW\DQDO\VLVRIWKHJHRPDJQHWLFILHOGWUDFNLQJPRGHRI&XEH6DWDOLQHDUL]DWLRQLVSHUIRUPHG
)LUVWO\WDNLQJWKHWLPHGHULYDWLYHRI(TDVIROORZV
   > @  Ö Ö Öª º u u   u u  ¬ ¼H Ȧ L E E Ȧ L I E Ȧ  
1RWH WKDW WKH GHVLUHG HTXLOLEULXP VWDWH LV > @   7 H DQG > @  7[Z Ȧ  ZKHUH Ȧ[ LV D URWDWLRQ UDWH
DOORZHGLQWKH[D[LVRIWKHVDWHOOLWHZKLFKLVQRWUHTXLUHGWREH]HUR7KHHTXLOLEULXPSRLQWDOVRLPSOLHVWKDWWKH
QRPLQDO QRUPDOL]HG PDJQHWLF ILHOG YHFWRU LQ WKH %IUDPH LV JLYHQ E\ > @Ö    E  7KH OLQHDUL]HG V\VWHP LV
H[SUHVVHGDVIROORZV

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2QFH WKH -DFRELDQ HTXDWLRQV DUH VROYHGD[ VWDWHPDWUL[ LVREWDLQHGDQG LW LV QRWLFHG WKDW WKH ILUVW DQG WKH
IRXUWKURZVDQGFROXPQVDUHDOO]HUR7KLVLVGXHWRWKHIDFWWKDWWKHFRQWUROWRUTXH(TLVDOZD\VSHUSHQGLFXODU
WRWKH[D[LVRIWKHVDWHOOLWHDWWKHHTXLOLEULXPSRLQW7KHUHIRUHLWKDVQRFRPSRQHQWVLQWKH[D[LVRIWKH%IUDPH
DQG WKH URWDWLRQDO PRWLRQ DERXW WKLV D[LV LV DOORZHG LQ WKH JHRPDJQHWLF ILHOG WUDFNLQJ PRGH +HQFH D UHGXFHG
GLPHQVLRQOLQHDUL]HGV\VWHPLVJLYHQE\
              U U U U U UW [ $ [ % . [          
ZKHUH U U. [ LVDFRPSDFWIRUPRI(T
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[Z LVDVVXPHGWREHDFRQVWDQW    [[ ]] \\- - -V    DQG   [[ \\ ]]- -   -V  
7KHUHVXOWDQWFORVHGORRSV\VWHPFDQWKHQEHH[SUHVVHGDVIROORZV
  &/U UW [ $ [  
ZKHUH
    &/ U U UW W $ $ % .ĩ  
$VWKHJHRPDJQHWLFILHOGLVSHULRGLFDORQJWKHRUELWWKHWLPHYDU\LQJPDWUL[ &/  W$ LVDOVRSHULRGLFDVIROORZV
    &/ &/W W 7 $ $  
ZKHUH7 LVWKHSHULRGRIWKHV\VWHPHTXDO WRWKHRUELWSHULRG6LQFHWKHV\VWHPLVQRZH[SUHVVHGLQOLQHDUSHULRGLF
WLPH YDU\LQJ IRUP )ORTXHW WKHRU\ FDQ EH XVHG IRU WKH VWDELOLW\ DQDO\VLV $ EULHI VXPPDU\ RI )ORTXHW WKHRU\ LV
SURYLGHGQH[WDQGPRUHGHWDLOVFDQEHIRXQGLQ>@
'HILQHDFRQVWDQWPDWUL[)VXFKWKDW
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WKDWRQFHWKHSHULJHHRIWKH
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